AEII'MA TIPIN TIX AIOPOQXEIX

Kepalao 1
MaOnuatiko Ynoabpo

1.1 OvapiBpoi oto dekadiko kat AAAa cuoTipata
apiOunong.
To akéAouBo Bewpnua kabopilel Tov TPOTO avamapdctaong apBuwyv ota did-

(popa cuoTuata apibunonc.

Ozwpnpa 1.1.1 Eotw B aképaiog peyaiitepoc amé 1o 1. Tote kaBs m OeTIKOC aké-
paloG UITopEi va eKPPAOTE( Ue Hovadikd TPOmo we

m = akﬁk + ak_l,Bk_l + -+ Cl]ﬂl + Cloﬁo = akﬁk + ak_lﬂk_l + e+ alﬁl + ap

omou k évac un apvnTIKOG aKEPAIOC Kal ay, Gi_1, . . . , A1, Ao N APVNTIKOI akéPalol i-
KpOTEPOL ard 1o B Kat ag # 0. o

H mapamdvw avamapdotacn ovouddletal avantuyua aong B tou aptBuou m. Ot
Baoeig B = 2 (8V0), B = 8 (okTWw), B = 16 (beka£l)) eival 1SlaiTEPA ONUAVTIKEG OTNV
EMIOTAMN TWV UTTOAOYIOTWYV KAl TIC TNAETTIKOWVWVIEC. TETOLO GUOTAMATA avamapd-
otaong apBuwv Aéyovtal cuoTtrpata B€ong Kat Pe T mapamdvw PACELS EXOUME
70 SUABIKO, OKTASIKO, SeKae€adIKO GUOTNUA AvVaATTAPACTACNC TOU AKEPAIOU. 2TOV
TOAITIOMO TwV Mdyla xpnoIpomoloucav cUCTNA AVATIOPACTACNC TWV aAPIOUWY
Me Bdaon To 20 kat ot Apxaiot BaBulwviol pe Bdon 1o 60.
‘Otav ypdgouue 735 010 dekadikd GUOTNA, EVVOOUE

(735)10 = 7% 10> + 3 x 10" + 5 x 10°
£VW OTO OKTASIKO
(735)s =7 x 8% + 3 x 8 + 5 x 8" = (477)y,.

Qoto0o0,
(735)10 = (1DD)16 = 1 x 16% + 13 x 16" + 13 x 16°

1
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2 YMOAOTIZTIKA MAGHMATIKA

Kal
(735)10 = (111011101), = 1x28+1x27+0x2°0+0x 27 +1x2*+1x23+ 1x22+0x2" +1x2°

MNa tnv petatponn Tng Suadiki¢ avamapdotaong evog aplbuou os dskaeadikn
Kal avTtiotpoga Pact{OuacTe GTO YEYOVOG 0TI KOs Sekae€adiko Yn@io pmopei va
avamnapaotadei pe 4 Suadikd Yneia (bits). Onote

1123 4 5 6 7 8 9 10 11 12 13 14 15
1 4 5 6 7 8 9 A B C D E F
11213 4 5 6 7 10 1 12 13 14 15 16 17
1(10(11({100|101|{110|111|1000|1001|1010| 1011|1100 1101 |1110| 1111

,.\
N
&
o|o|Oo| O

MNivakag 1.1: Aekadikn, dekae&adikr, oktadikr kat Suadikn avamapdotaon Twv aplOuwy
amnd 0 éwc 15.

(0001 1101 1101) = (1DD)e
1 D D 2

(2B3EC)6 = [0010 1011 0011 1110 1100
~—— ——— ——— —— ——
2 B 3 E c /p
Avdaloya kdBe oktadikd Yneio pmopei va avamapaotabei pe 3 duadika Yneia
(bits). OméTe

(111 011 101) = (735)4

7 3 5 2
[ 1 3 3 7 ] = (001011011 111),
S~
001 011 011 111 /g

MNatnv petatponr Tng dekadikrig avamapdotaong evog aptBuol os Suadikn, okTa-
S1kn A dekae€adikn Baoiléuaote otov Eukheidelo AyopiBuo tng Alaipeonc.
735 = 2x367+1

367 = 2x183+1
183 = 2x91+1

91 = 2x45+1
45 = 2x22+1
22 = 2x11+0
11 = 2x5+1
5 = 2x2+1
2 = 2x1+0
1 = 2x0+1
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(735)10 = (0010 1101 1111),

735 = 8x91+7
91 = 8x11+3
11 = 8x1+3
1 = 8&x0+1
(735)10 = (1337)5
735 = 16x45+15
45 = 16x2+13
2 = 16 x0+2

(735)10 =2 % 16% + 13 x 16" + 15 x 16" = 2DF);4

Y& kB mepinTwon ta Stadoyikda urtdAotma and mavw TTPOoG Ta KATW gival ta Yneia
TOU aplBpoU amo ta 6e€1d TPOC Ta ApIoTEPA.
lMNa toug ap1BpolC pe Yneia Se€1a Tng Sekadiknic (1 Suadikng) umoSIAoTOANG TO
AVATITUYMA UTTOPEL va €xel Temepacévo 1 dnelpo mABo¢ Ynoiwv. To pépog Tou
ap1Buov mou gival 6e€1d TNC UTTOSIAOTOARC AVATITUCOETAL O€ APVNTIKEC SUVAMELG
™Nn¢ Baonc. Na napadeiyua:
91

5= (45.5)10=4x 10" +5%x10° + 5 x 107!

1

97 =(45.5), = (101101.1), = 1 x 22 + 1 x 22 + 1 x 22+ 1 x2° + 1 x 27!
91 1 0 -1
5 = (45.5)16 = (2D.8)16 =2 x 16! + 15x2° + 8 x 16

1
E:(0'1)‘0:4X101+5X100+5X10_1

1
T (0.0001100110011001101 ...), = Ix2744+1x277+1x2 8 +1x2 77 +1x2 24 1x27 B 4. ..

1
- (0.1999999999999999999 . . . )1 = 1x16'+9x162+9X 163 +- - -+9x16712+9x 16720

1.2 Baoikég évvoleg amdé tnv Madnpatiki Avaiuon

1.2.1 ZuvapTtAOoElG piag HETABANTAG

OewpoUE TTPAYUATIKEG cUVAPTACEL f : R — R
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4 YMOAOTIZTIKA MAGHMATIKA

Oswpnua 1.2.1 Oswpnua Bolzano Edvny = f(x) eival ouvexric oto [a, b] Kal

lOXUEl
fl@)-fB <0
Kal TOTe undpxel TouAdytoTov évaé € (a, b) :
[ =0

<&

Eav emmAéov n ouvdptnon Siatnpei tnv povotovia tng oto didotnua [a, b] T0TE N
piCa autn eival povadikr).

fo | ;

J [ ‘

IxApa 1.1: Oswpnua Bolzano

Oplopdg 1.2.2 Edvny = f(x) eivat ouveyric oo [a, b), TéT€ n cuvdptnon mAnpoi ™
ouvOrikn tou Lipschitz ue pia otabepd L edv ioxUel

If €D = fFED <& =&l Vé1,62 € [a, D]

Edv n ouvdptnon ikavorotsi n ouvBrikn auth ue L < 1 ovoud{etal ouoToAn. o
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H ouvaptnon f : A — R €ival mapaywyioclun oto onueio xo € A av UTAPXEL TO
oplo
lim J(x) — fxo)

0 X = X0

= f"(x0)

X—X

Kal gival mpayuaTikdC aptBuoc. Tote n cuvdptnon autr) 6a ovoudletal mapaywyi-
olun 1 dlagopiotun oto onueio auto. H dlagopiopotnta givat GnUEIOKO XOPaKTN-
P1o0TIKO AAAA pmmopoUpe va Sou e Kal Tnv mapdywyo w¢ cuvdptnon. H mapdywyog
NG ouvdptnonGy = f(x) wg mpog TNV MeTaPAnT x ival n cuvaptnon f’ Pe TR

oTO0 X,
S+ h) - f(x)

h
Tomedio oplopoU NG f7 ival To cUVOAO TwV onpeiwv Tou Tediou opIooU TNG f yla
Ta omoia To mapandvw opto undpxel. Ondte ival umtooUvolo Tou Trediou oplopov
NG ouvApPTNONG.

Av n apaywyog UTIAPXEL o€ KABe anueio Tou Tediou 0pIoUOU TNG CUVAPTNONG
TOTE AéUE OTLN ouvAPTNON AuTH ival mapaywyioiun 1} Stagopioiun. MNa tnv mapd-
YWYO w¢ ouvaptnon cuppoAioupe:

[0 = lim

b ooy Ay df o d '
¥ 5 (0, I dx dxf(x)’ (...
Ma tnv TIPA TNG Mapaywyou CE €va onueio:
, , , dy df
Y, f@. ¥ 75 L drl,
MNa tn 6eUtePN A peyaAlTepn TaéNC mapdywyo cupBoAiloupe:
d’>y d'y d*y dky
17 (k) 7 (k)
f (x)’ f (x)9 f (a)’ f (a)7 @’ ﬁ, ﬁ X:ay ﬁ)c:a

Av f gival mapaywyiolpun = f GuveXNC, To avTioTpoo Sev IoXVEL TTAVTA.
H epantopévn euBeia gy = f(x) oto onpeio (xo, f(xp)) €xel e€iowon
y = f(xo0) = f'(x0)(x = xp).
AnAadn n epantopévn euBeia éxel ouvteheotn SievBuvonc (kAion) 7 (xg). Auti n
TIMA AéyeTal Kat KAion Tou onpEiov TS KAUTUANG.
Oswpnpua 1.2.3 Oswpnua Méong Tiuri¢ Eavny = f(x) eivat ouvexng oto [a, b] kai
Siagpopioiun oto (a, b) 10T udpyel TouAdyiotov éva & € (a, b) :

f() - f(a)

= ©
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Y = f(x0)(x — x0) + f(x0)

f(xo0)

e

X0

IxApa 1.2: H epantopévn eubeia gy = f(x) oto onpeio (xg, f(xo)).

Eival yvwoTo o011 10 pdonuo TNS mpwtng mapdywyou Hiag cuvaptnong o€ éva 81d-
otnua I tou mediou oplopol TNG KaBopilel TN CUUTIEPIPOPA TNG CLVAPTNONG OTO
Sidotnua autd. H povotovia piag ouvdptnong pmopei va eheyxOei pe tnv mpwtn
apaywyo tng.

« Edv % > 0,Yx € I = f(x) eivat ab€ovoaoto I (Vxi,xo € I : x1 > xp &
Sx1) = f(x2).

« Eav % < 0,Yx € I = f(x)eivat Bivovca oto I (Vx1,x € I : x1 > xp &
fx) < f(x)).

- Eqv 2 =0,Vx el = f(x)otabeprioto ! (Vx € I, f(x) = c).

H kapmulétnTa piag ouvaptnong pmopei va eheyxBei pe tnv deltepn mapaywyod
me.
d*y

« Eav 75 > 0,Vx € I = f(x) koiha mpog Ta mavw (kuptr,convex).(¥Vxi, x; €

IVt e[0,1]: f(tx; + (1 = )x2) < tf(x)) + (1 = 1) f(x))

« Eav % < 0,¥x € I = f(x) koiha mpo¢ ta Katw (Koikn,concave).(Yxy, x; €

LVt e[0,1]: f(tx; + (1 = O)x2) = tf(x1) + (1 = ) f(x))

. d?y d? . , . P ;
« Eav d—x’z < 0,¥x < ckal ﬁ > 0,Yx > ¢ (i avtiotpoa) TOTE €xw onueio

aAAayn ¢ KAUMUASTNTAG. AnAadn, £xoupe onueio Kapmng (epocov opiletal n
TTPWTN MAPAYWYOC).

3TNV TEPIMTWON TTOU Ol AVICOTNTEG (<, =) AvTikataoTtaBouv pe (<, >) TOTE MAAUE
yla yvnoiwg fj auotnpwg povotovia 1} KapmuAdTna.
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‘EoTtw pia ouvaptnon f(x) opiopévn oto medio oplopol NG D. ToTe éva e0WTE-
PIKO onueio ¢ Tou mediou D amotelei:

« Tomko péyioto (local maximum): f(x) < f(c)¥VxelonovulIC D, cel.
« Tomko ehdyioto (local minimum):f(x) > f(c)Yx e IoémovlI C D, c € I.
+ ONIKO péyioto (global maximum):f(x) < f(c) Vx € D.
+ ONIKO eNdxioto (global minimum):f(x) > f(c) Yx € D.

Kd&Be ouvexng ouvdptnon oplopévn o€ éva KAEIOTO S1doTnua mapouctdlel oAkO
MEYLOTO Kal OAIKO ENAXIOTO 0TO S1doTNA AUTO.

MBava tomikd akpoTaATA AMTOTEAOUV TA KPioIUa oneia (onueia pndeviopov ¢
Tn¢ mapaywyou Kat onueia ota omoia dev opiletal n mapdywyoc) Kat Ta AKpa Tou
nediov oplopov NG (| Twv SlacTNUATWY TTOU TO GUVBETOULV).

Onote €dv %L:C =0 = f(x) éxel mOavA TOTIKO ENAXIOTO 1} TOTIKO UEYIOTO.

lMNa ta kpioa onueia e€etdloupe TIC TIUEC TNG TTapaywyou Se€1d kal aploTepd
TOu onpeiov auTou. loyvet:

. (% <0,x< c) A (% >0,x> c) = ¢ TOTIKO ENAXIOTO.

dy dy L
. (E >0,x< C) A (ﬁ <0,x> C) = ¢ TOTIIKO MEYIOTO.

MNa 1a onueia mou pndeviletal n mpwtn Mapdywyoc, EVw ol TINEC TNE SeUTEPNC TTa-
paywyou dev undeviletal, loXVEL

d’y dy . .
« = >0,7|  =0= ctomko ehayioTo.
X=C X=C
d’y dy -
© Iz <0, 7 = 0 = ¢ TOmKO pEyLoTO.
X=C X=C

4 el L eyl dy
levika, av loxVeL 7 = I =

dn+ly ,
= 0Kkal =7 # 0 101€:
X=C

.
+ EQv n dptiog cuumepaivoupe OTL TO C gival ONUEIO KAUTTAG.
+ EQv n mepittdC 10K LEL

.y
- Eav a_y

n+1
x| -

> () TOTE 1O ¢ €ival onueio Tomkou e\ayioTou.
C

, dn+]
- Edv ==

n+1
dxm ],

< 0 TOTE TO ¢ €ival onueio TOTKOU peyioToU.
C
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OAk6 Méyioto

Tomkd Méyioto Tomkd Méyioto

Tomkd ENayloTo Tomkd EAaxioto

OMiké ENdyloTo
Ynueio Kapmmg

Ixiua 1.3: AkpdTaTa KAl KAUTTUAGTNTA.

1.2.2 ZuvapTtnoElg 800 N MEPIOCOTEPWV HETABANTWV

Eotw n ouvvdptnon f(¥) : R?> — R, 10 0UVOAO TWV ONUEIWV TOU XWPEOU
(x,y, f(x,¥)), yla X = (x,y) mou avKel oTo 1Tedio OpIGHOU TNG f, KAAETAL YPAPIKN
¢ mapaoctaon. Hypagikn mapdotaon tng f kaleital emiong emedvela z = f(x, y).
To cUvoAo Twv onueiwv Tou emmédou xy yla To omoio pia cuvdptnon f(x,y) €xel
otalepn TIun f(x,y) = ¢ kaleital I0OOTABUIKN KaurmUAn (level curve).

Avdaloya opiletal Kal n 1000TaABUIKA EM@AVEI Yia TNV cuvAPTNON TPIWV HE-
TafAnTwv w = f(x,y,7) dAA Kal Yl CUVOPTACELG TTEPIOCOTEPWVY UETABANTWV
f (%) :R* - Romou ¥ =[xy, x, e L

H pepikn mapdywyog tng f(x, ¥) WG mPOoG x 0TO ONMEIO (xp, yo) looUTAL UE TO OPIO

aof S (x, y0) = f(x0, y0) f(x + h,yo0) = f(x0,0)

(X0, Vo) = = =lim =lim
f ()CO )70) Ox (o) Y0 (X - XO) h=0 h

Aebopévou 6TL To 6pLo UTTAPXEL

MEWPETPIKA N TIUA TNG MEPLKNG TTAPAYWYOU WG TTPOG X OTO ONUEIO (xg, o) €ivaln
KAion ™G KapmuAng z = f(x,yp) 0To onueio P(xo, Yo f (X0, Yo)). H epamtopevn tng
KAUTTOANG 010 onpeio P gival n euBeia Tou emmédou y = yy mou Siépxetat amd 1o
P e t€tola KAion (n kAion euBeiag ival ion pe TNV epantopévn ¢ ywviag mou
éxeLn euBeia pe 1o emimedo xy). H pepikn mapdywyog we mpog x 0To onpeio (xg, yo)
gival o puBUOC PeTABOANC TNS CUVAPTNONG f WC TIPOC TO X OTAV KPATAWE 0TaBePS
TO y (00 ME yp. Mpdkertal SnAadn yia 1o pubud peTafolnc TnG cuvaptTnong f otnv
katevBuvon tou dfova xx’ oTo (xg, yo)-

Avdaloya opifovTtal ol IEPIKEG TTAPAYWYOL TIPOC TNV METABANTA y AAAG Kal yIa TIG
OUVOPTHOEIC TPLWV 1] KAl TIEPICCOTEPWVY UETABANTWV WE TIPOC TIC LETABANTEC TOUC.
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